
Bright N-soliton solutions in terms of the triple Wronskian for the coupled nonlinear

Schrödinger equations in optical fibers

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2010 J. Phys. A: Math. Theor. 43 245205

(http://iopscience.iop.org/1751-8121/43/24/245205)

Download details:

IP Address: 171.66.16.159

The article was downloaded on 03/06/2010 at 09:19

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/43/24
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 245205 (18pp) doi:10.1088/1751-8113/43/24/245205

Bright N-soliton solutions in terms of the triple
Wronskian for the coupled nonlinear Schrödinger
equations in optical fibers

Tao Xu1 and Bo Tian1,2,3,4

1 School of Science, Beijing University of Posts and Telecommunications, PO Box 122,
Beijing 100876, China
2 State Key Laboratory of Software Development Environment, Beijing University of
Aeronautics and Astronautics, Beijing 100191, China
3 Key Laboratory of Information Photonics and Optical Communications (BUPT), Ministry of
Education, Beijing University of Posts and Telecommunications, PO Box 128, Beijing 100876,
China

E-mail: tian.bupt@yahoo.com.cn

Received 17 September 2009, in final form 7 April 2010
Published 25 May 2010
Online at stacks.iop.org/JPhysA/43/245205

Abstract
The coupled nonlinear Schrödinger (NLS) equations are usually used to
describe the dynamics of two-component solitons in optical fibers. Via the
Darboux transformation, the coupled NLS equations of the Manakov type
are found to have triple Wronskian solutions. Proof is finished by virtue of
some new triple Wronskian identities. By solving the zero-potential Lax pair,
the triple Wronskian solutions give the bright N-soliton solutions which are
characterized by 3N complex parameters. To obtain an understanding of the
asymptotic behavior of the bright N-soliton solutions with arbitrary N, some
algebraic properties of the triple Wronskian are analyzed and an algebraic
procedure is presented to derive the explicit expressions of the asymptotic
solitons as t → ∓∞.

PACS numbers: 05.45.Yv, 02.30.Ik

1. Introduction

The coupled nonlinear Schrödinger (NLS) equations in the dimensionless form

iut + η1uxx + 2(μ|u|2 + δ|v|2)u = 0, (1a)

ivt + η2vxx + 2(δ|u|2 + ν|v|2)v = 0, (1b)
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describe the simultaneous propagation of two nonlinear waves in a nonlinear, dispersive
medium [1], where x and t are, respectively, the normalized distance and time coordinates, u
and v are the slowly varying envelopes of two copropagating waves, ηj (j = 1, 2) represents
the group velocity coefficient in each component, μ and ν are the self-phase modulation
coefficients and δ is the cross phase modulation coefficient. Recently, there have been efforts
devoted to the two-component soliton dynamics described by equations (1a) and (1b) in the
birefringent optical fiber, two-mode optical fiber and Kerr-like photorefractive medium [2].
Besides, the coupled NLS equations have arisen in other branches of physics such as plasmas
[3], Bose–Einstein condensates [4] and hydrodynamics [5].

For an arbitrary choice of parameters, equations (1a) and (1b) are in general nonintegrable.
However, equations (1a) and (1b) can pass the Painlevé test under two particular conditions:
(1) η1 = η2, μ = ν = δ; (2) η1 = −η2, μ = ν = −δ [6]. The first case, after suitable scale
transformations, can be transformed into the celebrated Manakov model [7],

iut + uxx + 2(|u|2 + |v|2)u = 0, (2a)

ivt + vxx + 2(|u|2 + |v|2)v = 0, (2b)

which has been derived as a key model for the lightwave propagation in the birefringent optical
fibres [8]. It is mentioned that the Manakov model is the two-component vector generalization
of the focusing NLS equation and can be exactly solved by the method of inverse scattering
transform [7]. Therefore, from the analytical and integrable viewpoint, equations (2a) and
(2b) are usually used as an approximate model of equations (1a) and (1b) for describing
the two-component bright soliton propagation dynamics [2]. Also, equations (2a) and (2b)
possess the following integrable properties: infinitely many local conservation laws [7, 9], an
infinite-dimensional algebra of non-commutative symmetries [10], Lax pair-based Bäcklund
transformation [11], Darboux transformation (DT) [12], bilinear representation [6, 13],
analytical bright multi-soliton solutions [13, 14]. Although the integrability of equations
(2a) and (2b) has been established from different points of view, the coupled NLS soliton
collision dynamics seems nontrivial and requires to be further clarified due to the existence of
the internal degrees of freedom of solitons [2]. The two-component structure in equations (2a)
and (2b) can make the occurrence of some fascinating soliton collision behavior under certain
parametric conditions, such as the intensity redistribution among colliding solitons in two
components, amplitude-dependent phase shifts and changes in relative separation distances
[14, 15]. It should be noted that the energy-exchange collisions of spatial and temporal vector
solitons have been observed in the photorefractive media [16] and in the linearly birefringent
optical fibers [17], respectively.

We note that by the Hirota bilinear method [18], DT [19] and Sato theory [20] the
soliton solutions to a class of nonlinear evolution equations (NLEEs) can be represented in
the form of a Wronskian. Via the Wronskian technique, one can not only write the soliton
solutions in a simple, compact form, but also verify the solutions by direct substitution
into the bilinear equations or by inductive use of the bilinear Bäcklund transformation
[21, 22]. Moreover, the algebraic structure of the Wronskian provides a basis of studying the
multi-soliton collision dynamics, as seen in [23], where the asymptotic behavior of a general
class of line-soliton solutions to the Kadomtsev–Petviashvili II equation has been studied
by expanding its τ -function as the Wronskian of N linearly independent combinations of M
exponentials.

The soliton solutions in terms of the Wronskian have been revealed for a number of scalar
NLEEs [18], but to our knowledge very little work has been done on the Wronskian-type
representation of soliton solutions to the coupled NLEEs in the vector and matrix form [26].
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The first purpose of this paper is to work out the Wronskian-type representation of the analytical
bright N-soliton solutions to equations (2a) and (2b). With symbolic computation [24, 25],
we will adopt the DT method to generate the triple Wronskian solutions to equations (2a)
and (2b), and give a rigorous proof by developing some new determinantal identities (see
lemma 3.3 as given below). By solving the zero-potential Lax pair, we will find that the
bright N-soliton solutions to equations (2a) and (2b) can be expressed in terms of the triple
Wronskian, which is, to our knowledge, reported here for the first time. In fact, the bright
N-soliton solutions to equations (2a) and (2b) have already been obtained in [7, 13, 14],
and the asymptotic analysis of the two- and three-soliton solutions has also been performed
in [14]. However, until now, there has been an absence of the asymptotic analysis of the
bright N-soliton solutions for arbitrary N. Thus, our second purpose is to present an algebraic
procedure in explicitly obtaining the asymptotic expressions for the generic bright N-soliton
solutions as t → ±∞ on the basis of the triple Wronskian. This procedure will allow us to
directly analyze the asymptotic behavior of arbitrary multi-soliton solutions to equations (2a)
and (2b).

2. DT-based iterative algorithm

In the frame of the 3 × 3 Ablowitz–Kaup–Newell–Segur inverse scattering formulation [27],
the Lax pair of equations (2a) and (2b) is of the form [7]

�x = L� =
⎛
⎝−iλ u v

−u∗ iλ 0
−v∗ 0 iλ

⎞
⎠ �, (3a)

�t = M� =
⎛
⎝−2iλ2 + i(|u|2 + |v|2) iux + 2λu ivx + 2λv

iu∗
x − 2λu∗ 2iλ2 − i|u|2 −ivu∗

iv∗
x − 2λv∗ −iuv∗ 2iλ2 − i|v|2

⎞
⎠ �, (3b)

where � = (ψ1, ψ2, ψ3)
T (the superscript T signifies the vector transpose) is the vector

eigenfunction, λ is the spectral parameter, the star denotes the complex conjugate and the
compatibility condition Lt − Mx + LM − ML = 0 is exactly equivalent to equations (2a)
and (2b).

The DT is such a kind of gauge transformation that leaves the form of a Lax pair invariant,
and in general comprises the eigenfunction transformation and potential transformation [28].
According to the previous work in [12, 29], we know that equations (2a) and (2b) have the
DT in terms of the first-order polynomial of λ, as follows.

Proposition 2.1. Assume that (f1, g1, h1)
T is a solution of equations (3a) and (3b) with

λ = λ1. The DT (�, u, v) → (�̂, û, v̂) of the Lax pair (3) is given by

�̂ = (λI3 − S)�, S = PJP −1,

J =
⎛
⎝λ1 0 0

0 λ∗
1 0

0 0 λ∗
1

⎞
⎠ , P =

⎛
⎝f1 −g∗

1 −h∗
1

g1 f ∗
1 0

h1 0 f ∗
1

⎞
⎠ , (4)

û = u +
2 i(λ∗

1 − λ1)f1g
∗
1

|f1|2 + |g1|2 + |h1|2 , v̂ = v +
2 i(λ∗

1 − λ1)f1h
∗
1

|f1|2 + |g1|2 + |h1|2 , (5)
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where �̂ = (ψ̂1, ψ̂2, ψ̂3)
T satisfies the Lax pair for the new potential (û, v̂), λ1 �= λ∗

1 and I3

is the 3 × 3 identity matrix.

Proof. With the condition that (f1, g1, h1)
T solves equations (3a) and (3b) with λ = λ1,

it can be verified that (�̂, û, v̂) also satisfies the Lax pair (3) by using MATHEMATICA or MAPLE

(further details can be seen in [12]). �

From the knowledge of the DT, we only need to solve equations (3a) and (3b) with an
initial potential (u, v) = (u0, v0), and then obtain a series of explicit solutions to equations
(2a) and (2b) in a recursive manner with the aid of symbolic computation [24, 25]. The
iterative algorithm based on transformations (4) and (5) can be summarized as follows: (1)
solve equations (3a) and (3b) with u = u0 and v = v0 for different spectral parameters
λ = λk (1 � k � N ), and obtain a set of linearly independent solutions {(fk, gk, hk)

T }Nk=1;
(2) successive iteration of the DT N times yields the Nth-iterated potential and eigenfunction
as follows:

uN = u0 + 2 i
N∑

k=1

(λ∗
k − λk)fk,λk

g∗
k,λk∣∣fk,λk

∣∣2
+

∣∣gk,λk

∣∣2
+

∣∣hk,λk

∣∣2 , (6)

vN = v0 + 2 i
N∑

k=1

(λ∗
k − λk)fk,λk

h∗
k,λk∣∣fk,λk

∣∣2
+

∣∣gk,λk

∣∣2
+

∣∣hk,λk

∣∣2 , (7)

�k,λk
= (λkI3 − Sk−1) × · · · × (λkI3 − S1)�1,λk

, (8)

with

Sk = PkJkP
−1
k , Jk =

⎛
⎝λk 0 0

0 λ∗
k 0

0 0 λ∗
k

⎞
⎠ , Pk =

⎛
⎝fk,λk

−g∗
k,λk

−h∗
k,λk

gk,λk
f ∗

k,λk
0

hk,λk
0 f ∗

k,λk

⎞
⎠ ,

where �k,λk
= (

fk,λk
, gk,λk

, hk,λk

)T
(2 � k � N ), �1,λk

= (fk, gk, hk)
T (1 � k � N ),

(uN, vN) satisfies equations (2a) and (2b).

3. Triple Wronskian solutions

By setting u0 = v0 = 0 and after N-time iteration of the above DT-based algorithm, equations
(2a) and (2b) are found to admit the following solutions:

u = − g

f
, v = (−1)N−1 h

f
, (9)

where f , g and h are the complex functions which can be expressed as

f =
∣∣∣∣∣∣
FN×N −GN×N −HN×N

G∗
N×N F ∗

N×N 0
H ∗

N×N 0 F ∗
N×N

∣∣∣∣∣∣ , g = 2

∣∣∣∣∣∣
FN×(N+1) −GN×(N−1) −HN×N

G∗
N×(N+1) F ∗

N×(N−1) 0
H ∗

N×(N+1) 0 F ∗
N×N

∣∣∣∣∣∣ ,

h = 2

∣∣∣∣∣∣
FN×(N+1) −GN×N −HN×(N−1)

G∗
N×(N+1) F ∗

N×N 0
H ∗

N×(N+1) 0 F ∗
N×(N−1)

∣∣∣∣∣∣ , (10)
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with FN×M , GN×M and HN×M (M = N − 1, N , N + 1) as

FN×M =

⎛
⎜⎜⎜⎜⎝

f1 f
(1)
1 · · · f

(M−1)
1

f2 f
(1)
2 · · · f

(M−1)
2

...
...

. . .
...

fN f
(1)
N · · · f

(M−1)
N

⎞
⎟⎟⎟⎟⎠ , GN×M =

⎛
⎜⎜⎜⎜⎝

g1 g
(1)
1 · · · g

(M−1)
1

g2 g
(1)
2 · · · g

(M−1)
2

...
...

. . .
...

gN g
(1)
N · · · g

(M−1)
N

⎞
⎟⎟⎟⎟⎠ ,

HN×M =

⎛
⎜⎜⎜⎜⎝

h1 h
(1)
1 · · · h

(M−1)
1

h2 h
(1)
2 · · · h

(M−1)
2

...
...

. . .
...

hN h
(1)
N · · · h

(M−1)
N

⎞
⎟⎟⎟⎟⎠ . (11)

Here f
(j)

k = ∂jfk/∂xj , g
(j)

k = ∂jgk/∂xj , h
(j)

k = ∂jhk/∂xj (k = 1, 2, . . . , N ; j =
1, 2, . . . ,M), and {(fk, gk, hk)

T }Nk=1 are the set of linearly independent solutions of the linear
system⎛
⎝f

g

h

⎞
⎠

x

=
⎛
⎝−iλ 0 0

0 iλ 0
0 0 iλ

⎞
⎠

⎛
⎝f

g

h

⎞
⎠ ,

⎛
⎝f

g

h

⎞
⎠

t

=
⎛
⎝−2iλ2 0 0

0 2 iλ2 0
0 0 2 iλ2

⎞
⎠

⎛
⎝f

g

h

⎞
⎠ . (12)

Besides, the complex conjugates of u and v can be written as

u∗ = − ḡ

f
, v∗ = (−1)N−1 h̄

f
, (13)

where f has been presented as above and ḡ and h̄ are given by

ḡ = 2

∣∣∣∣∣∣
FN×(N−1) −GN×(N+1) −HN×N

G∗
N×(N−1) F ∗

N×(N+1) 0
H ∗

N×(N−1) 0 F ∗
N×N

∣∣∣∣∣∣ , h̄ = 2

∣∣∣∣∣∣
FN×(N−1) −GN×N −HN×(N+1)

G∗
N×(N−1) F ∗

N×N 0
H ∗

N×(N−1) 0 F ∗
N×(N+1)

∣∣∣∣∣∣ .
(14)

By extending the double Wronskian notation [21], we introduce the triple Wronskian
notation for a determinant in the general form

|N̂ − m1, N − j1, . . . , N − jm1; N̂ − m2, N − j2, . . . , N − jm2;
N̂ − m3, N − j3, . . . , N − jm3 |, (15)

where N̂ − m1 = (φ, φ(1), . . . , φ(N−m1)), N̂ − m2 = (ϕ, ϕ(1), . . . , ϕ(N−m2)), N̂ − m3

(χ, χ(1), . . . , χ(N−m3)), N − h1 = φ(N−h1), N − h2 = ϕ(N−h2), N − h3 = χ(N−h3) (jl � hl �
jml

, l = 1, 2, 3), and φ = (f1, . . . , fN ; g∗
1 , . . . , g∗

N ; h∗
1, . . . , h

∗
N)T , ϕ = (−g1, . . . ,−gN ;

f ∗
1 , . . . , f ∗

N ; 0, . . . , 0)T , χ = (−h1, . . . ,−hN ; 0, . . . , 0; f ∗
1 , . . . , f ∗

N)T .

Following this new type of notation, the functions f , g, h, ḡ and h̄ can be written as

f = |N̂ − 1; N̂ − 1; N̂ − 1|, g = 2|N̂; N̂ − 2; N̂ − 1|,
h = 2|N̂; N̂ − 1; N̂ − 2|, ḡ = 2|N̂ − 2; N̂; N̂ − 1|,
h̄ = 2|N̂ − 2; N̂ − 1; N̂ |. (16)

According to the property that the derivative of most of the columns in (15) leads to a latter
column and zero contribution, one can easily obtain various-order derivatives of f , g and h in
the triple Wronskian form (see the appendix).

5
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Substitution of (9) and (13) into equations (2a) and (2b) yields

f
[(

iDt + D2
x

)
(g · f )

] − g
[
D2

x(f · f ) − 2(gḡ + hh̄)
] = 0, (17a)

f
[(

iDt + D2
x

)
(h · f )

] − h
[
D2

x(f · f ) − 2(gḡ + hh̄)
] = 0, (17b)

where Dt, Dx and D2
x are the bilinear operators [18] defined by

Dm
x Dn

t (a · b) ≡
(

∂

∂x
− ∂

∂x ′

)m (
∂

∂t
− ∂

∂t ′

)n

a(x, t)b(x ′, t ′)
∣∣∣∣
x ′=x,t ′=t

. (18)

Before giving the proof that f , g, h, ḡ and h̄ satisfy equations (17a) and (17b), we first
present the following lemmas [21, 22].

Lemma 3.1. Suppose that Q is an n × (n − 2) matrix and p, q, r and s are the n-dimensional
column vectors. Then, we have

|Q,p, q||Q, r, s| − |Q,p, r||Q, q, s| + |Q,p, s||Q, q, r| = 0. (19)

Lemma 3.2. For a matrix = (πij )n×n = [1, . . . ,n] and a column vector ϒ = (r1, . . . , rn)
T ,

we have the relation
n∑

j=1

|1, . . . ,j−1, ϒ ◦ j,j+1, . . . ,n| = ||
n∑

j=1

rj , (20)

where ϒ ◦ j = (r1π1j , r2π2j , . . . , rnπnj )
T .

As a direct result of lemma 3.2, two useful triple Wronskian identities are obtained as
follows:

|N̂1 − 1; N̂2 − 1; N̂3 − 1|
N∑

k=1

(−iλk − 2 iλ∗
k)

= |N̂1 − 2, N1; N̂2 − 1; N̂3 − 1| − |N̂1 − 1; N̂2 − 2, N2; N̂3 − 1|
− |N̂1 − 1; N̂2 − 1; N̂3 − 2, N3|, (21)

|N̂1 − 1; N̂2 − 1; N̂3 − 1|
[ N∑

k=1

(−iλk − 2 iλ∗
k)

]2

= |N̂1 − 3, N1 − 1, N1; N̂2 − 1; N̂3 − 1| + |N̂1 − 2, N1 + 1; N̂2 − 1; N̂3 − 1|
+ |N̂1 − 1; N̂2 − 3, N2 − 1, N2; N̂3 − 1| − 2|N̂1 − 2, N1; N̂2 − 2, N2; N̂3 − 1|
+ |N̂1 − 1; N̂2 − 2, N2 + 1; N̂3 − 1| − 2|N̂1 − 2, N1; N̂2 − 1; N̂3 − 2, N3|
+ |N̂1 − 1; N̂2 − 1; N̂3 − 3, N3 − 1, N3| + 2|N̂1 − 1; N̂2 − 2, N2; N̂3 − 2, N3|
+ |N̂1 − 1; N̂2 − 1; N̂3 − 2, N3 + 1|, (22)

where N1, N2 and N3 represent the arbitrary natural numbers.

Lemma 3.3. Let W = (N̂ − 1; N̂ − 3; N̂ − 3), �1 = (φ, ϕ, χ) and �2 = (φ(1), . . . , φ(N);
ϕ(1), . . . , ϕ(N−2);χ(1), . . . , χ(N−2)). The determinants of the following two matrices

X1 =
(

W 0 0 χ(N−2) χ(N−1) χ(N) ϕ(N−2) ϕ(N−1)

0 �1 �2 χ(N−1) χ(N) χ(N+1) ϕ(N−1) ϕ(N)

)
, (23)

6
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X2 =
(

W 0 0 ϕ(N−2) ϕ(N−1) ϕ(N) χ(N−2) χ(N−1)

0 �1 �2 ϕ(N−1) ϕ(N) ϕ(N+1) χ(N−1) χ(N)

)
, (24)

are equal to zero.

Proof. From the conditions that f
(j)

k = −iλkf
(j−1)

k , g
(j)

k = iλkg
(j−1)

k and h
(j)

k = iλkh
(j−1)

k ,
we have

�W = (φ(1), . . . , φ(N);−ϕ(1), . . . ,−ϕ(N−2);−χ(1), . . . ,−χ(N−2)), (25)

�(χ(N−2), χ(N−1), χ(N), ϕ(N−2), ϕ(N−1)) = −(χ(N−1), χ(N), χ(N+1), ϕ(N−1), ϕ(N)), (26)

�(ϕ(N−2), ϕ(N−1), ϕ(N), χ(N−2), χ(N−1)) = −(ϕ(N−1), ϕ(N), ϕ(N+1), χ(N−1), χ(N)), (27)

where � = diag(−iλ1, . . . ,−iλN ;−iλ∗
1, . . . ,−iλ∗

N ;−iλ∗
1, . . . ,−iλ∗

N). Through suitable row
and column operations, X1 and X2 can be transformed into

X′
1 = YX1Z =

(
W 0 0 χ(N−2) χ(N−1) χ(N) ϕ(N−2) ϕ(N−1)

0 �1 �2 0 0 0 0 0

)
, (28)

X′
2 = YX2Z =

(
W 0 0 ϕ(N−2) ϕ(N−1) ϕ(N) χ(N−2) χ(N−1)

0 �1 �2 0 0 0 0 0

)
, (29)

with

Y =
(

I3N 0
� I3N

)
, Z =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

IN 0 0 0 0 0
0 I2N−4 0 0 0 0
0 0 I3 0 0 0

−IN 0 0 IN 0 0
0 I2N−4 0 0 I2N−4 0
0 0 0 0 0 I5

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Applying the Laplace expansion in terms of 3N × 3N minors to |X′
1| and |X′

2|, we have that
|X′

1| = 0 and |X′
2| = 0, that is, |X1| = 0 and |X2| = 0. �

Theorem 3.4. The coupled NLS equations (2a) and (2b) admit the triple Wronskian
solutions (9) together with (10) and (11), provided that {(fk, gk, hk)}Nk=1 satisfy the linear
system (12).

Proof. By using the triple Wronskian notations of fx , gx , hx , ft , gt , ht , fxx , gxx , hxx and the
identities (21) and (22), we obtain the following:

D2
x(f · f ) − 2(gḡ + hh̄) = 4(|N̂ − 1; N̂ − 1; N̂ − 1||N̂ − 2, N; N̂ − 2, N; N̂ − 1|

− |N̂; N̂ − 2; N̂ − 1||N̂ − 2; N̂; N̂ − 1|
− |N̂ − 2, N; N̂ − 1; N̂ − 1||N̂ − 1; N̂ − 2, N; N̂ − 1|)
− 4 (|N̂; N̂ − 1; N̂ − 2||N̂ − 2; N̂ − 1; N̂ |
+ |N̂ − 2, N; N̂ − 1; N̂ − 1||N̂ − 1; N̂ − 1; N̂ − 2, N |
− |N̂ − 1; N̂ − 1; N̂ − 1||N̂ − 2, N; N̂ − 1; N̂ − 2, N |), (30)
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iDt(g · f ) + D2
x(g · f ) = 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂ − 2, N,N + 1; N̂ − 2; N̂ − 1|
+ |N̂ − 2, N + 1; N̂ − 1; N̂ − 1||N̂; N̂ − 2; N̂ − 1|
− |N̂ − 1, N + 1; N̂ − 2; N̂ − 1||N̂ − 2, N; N̂ − 1; N̂ − 1|)
+ 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂; N̂ − 3, N; N̂ − 1|
+ |N̂ − 1; N̂ − 3, N − 1, N; N̂ − 1||N̂; N̂ − 2; N̂ − 1|
− |N̂; N̂ − 3, N − 1; N̂ − 1||N̂ − 1; N̂ − 2, N; N̂ − 1|)
+ 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂; N̂ − 3, N − 1; N̂ − 2, N |
+ |N̂ − 1; N̂ − 3, N − 1; N̂ ||N̂; N̂ − 1; N̂ − 2|
− |N̂; N̂ − 3, N − 1; N̂ − 1||N̂ − 1; N̂ − 1; N̂ − 2, N |)
− 8(|N̂ − 1; N̂ − 2; N̂ ||N̂; N̂ − 2, N; N̂ − 2|
+ |N̂ − 1; N̂ − 2, N; N̂ − 1||N̂; N̂ − 2; N̂ − 2, N |
− |N̂ − 1; N̂ − 2, N; N̂ − 2, N ||N̂; N̂ − 2; N̂ − 1|)
+ 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂; N̂ − 2; N̂ − 2, N + 1|
+ |N̂; N̂ − 2, N; N̂ − 2||N̂ − 1; N̂ − 2; N̂ |
+ |N̂ − 1; N̂ − 1; N̂ − 3, N − 1, N ||N̂; N̂ − 2; N̂ − 1|
− |N̂ − 1; N̂ − 3, N − 1; N̂ ||N̂; N̂ − 1; N̂ − 2|
− |N̂ − 1; N̂ − 1; N̂ − 2, N ||N̂; N̂ − 2; N̂ − 2, N |), (31)

i Dt(h · f ) + D2
x(h · f ) = 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂ − 2, N,N + 1; N̂ − 1; N̂ − 2|
+ |N̂ − 2, N + 1; N̂ − 1; N̂ − 1||N̂; N̂ − 1; N̂ − 2|
− |N̂ − 1, N + 1; N̂ − 1; N̂ − 2||N̂ − 2, N; N̂ − 1; N̂ − 1|)
+ 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂; N̂ − 1; N̂ − 3, N |
+ |N̂ − 1; N̂ − 1; N̂ − 3, N − 1, N ||N̂; N̂ − 1; N̂ − 2|
− |N̂; N̂ − 1; N̂ − 3, N − 1||N̂ − 1; N̂ − 1; N̂ − 2, N |)
+ 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂; N̂ − 2, N; N̂ − 3, N − 1|
+ |N̂ − 1; N̂; N̂ − 3, N − 1||N̂; N̂ − 2; N̂ − 1|
− |N̂; N̂ − 1; N̂ − 3, N − 1||N̂ − 1; N̂ − 2, N; N̂ − 1|)
− 8(|N̂ − 1; N̂; N̂ − 2||N̂; N̂ − 2; N̂ − 2, N |
+ |N̂ − 1; N̂ − 1; N̂ − 2, N ||N̂; N̂ − 2, N; N̂ − 2|
− |N̂ − 1; N̂ − 2, N; N̂ − 2, N ||N̂; N̂ − 1; N̂ − 2|)
+ 8(|N̂ − 1; N̂ − 1; N̂ − 1||N̂; N̂ − 2, N + 1; N̂ − 2|
− |N̂; N̂ − 2; N̂ − 2, N ||N̂ − 1; N̂; N̂ − 2|
+ |N̂ − 1; N̂ − 3, N − 1, N; N̂ − 1||N̂; N̂ − 1; N̂ − 2|
+ |N̂ − 1; N̂; N̂ − 3, N − 1||N̂; N̂ − 2; N̂ − 1|
− |N̂ − 1; N̂ − 2, N; N̂ − 1||N̂; N̂ − 2, N; N̂ − 2|). (32)

Via lemma 3.1, one can check that those two terms on the right-hand side of equation (30) and
the first four terms on the right-hand sides of both equations (31) and (32) are identically equal
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to zero. By virtue of lemma 3.3, the expansion of |X1| (or |X2|) in terms of 3N × 3N minors
indicates that the last term on the right-hand side of equation (31) (or equation (32)) is also
equivalent to zero. Therefore, we draw the conclusion that f , g, h, ḡ, h̄ satisfy equations (17a)
and (17b), or equivalently, u and v given by (9) together with (10) and (11) solve equations
(2a) and (2b). �

Remarks. Since u = −g/f , v = (−1)N−1h/f , u∗ = −ḡ/f and v∗ = (−1)N−1h̄/f have
been proved to satisfy equations (17a) and (17b), we immediately have the following relations:

ḡ

f
= g∗

f ∗ ,
h̄

f
= h∗

f ∗ , (33)

where f ∗, g∗ and h∗ correspond to the complex conjugates of f , g and h, respectively. On
the other hand, the determinantal expansion shows that f × det(FN×N) is a real function, i.e.
f × det(FN×N) = f ∗ × det(F ∗

N×N), which implies that g∗ and h∗ can be expressed as

g∗ = det(FN×N)

det(F ∗
N×N)

ḡ, h∗ = det(FN×N)

det(F ∗
N×N)

h̄. (34)

4. Bright N-soliton solutions and asymptotic analysis

In this section, we find that the bright N-soliton solutions to equations (2a) and (2b) can be
represented in terms of the triple Wronskian by solving the linear system (12). Then, we
are devoted to the algebraic properties of the triple Wronskian and the procedure in deriving
the asymptotic expressions of the bright N-soliton solutions with arbitrary N. For convenience,
we define the notations [n] := {1, 2, . . . , n}, [k, n] := {k, k + 1, . . . , n} and use | · | to denote
the number of elements of a set.

For different spectral parameters λk (1 � k � N), the general solutions of the linear
system (12) can be obtained as follows:

(fk, gk, hk) = (αk eθk , βk e−θk , γk e−θk ), (35)

where the phase θk = −iλkx − 2 iλ2
k t , αk , βk and γk are arbitrary complex constants.

With N = 1, we can express u and v as

u = β∗
1 (iλ∗

1 − iλ1)|α1|
α∗

1

√
|β1|2 + |γ1|2

sech(K1x − �1t + δ1) e−i(λ1+λ∗
1)x−2i(λ2

1+λ∗
1

2)t , (36a)

v = γ ∗
1 (iλ∗

1 − iλ1)|α1|
α∗

1

√
|β1|2 + |γ1|2

sech(K1x − �1t + δ1) e−i(λ1+λ∗
1)x−2i(λ2

1+λ∗
1

2)t , (36b)

which are called the two-component bright one-soliton solutions, where α1, β1 and γ1 are
the arbitrary nonzero complex constants, λ1 �= λ∗

1, K1 = iλ∗
1 − iλ1 is the wave number,

�1 = 2 i
(
λ2

1 − λ∗
1

2) is the frequency and δ1 = − 1
2 ln

(∣∣ β1

α1

∣∣2
+

∣∣ γ1

α1

∣∣2)
is the initial phase.

Apart from the constant δ1, the bright one-soliton solutions are characterized by the soliton
amplitudes and soliton velocities which are, respectively, given by

Au =
∣∣ β1

α1

∣∣∣∣iλ1 − iλ∗
1

∣∣√∣∣ β1

α1

∣∣2
+

∣∣ γ1

α1

∣∣2
, Av =

∣∣ γ1

α1

∣∣∣∣iλ1 − iλ∗
1

∣∣√∣∣ β1

α1

∣∣2
+

∣∣ γ1

α1

∣∣2
, Vu = Vv = −2(λ1 + λ∗

1), (37)
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which means that solutions (36a) and (36b) are actually characterized by the values of β1

α1
, γ1

α1

and λ1.
For N � 2, u and v given by (9) together with (10) and (11) can describe the collision

dynamics of two-component bright N-soliton solutions. In order to avoid the singular
and reducible cases, we require that αk �= 0, (βk, γk) �= (0, 0), λk �= 0, λk �= λ∗

k and
Re(λk) �= Re(λl), where 1 � k < l � N . It can be found that the characterization of the
bright N-soliton solutions depends on the values of 3N complex parameters, as stated in the
following proposition.

Proposition 4.1. The bright N-soliton solutions to the coupled NLS equations (2a) and (2b)
are characterized by the set of parameters

{(
βk

αk
,

γk

αk
, λk

)}N

k=1, where αk �= 0, (βk, γk) �= (0, 0),
λk �= 0, λk �= λ∗

k and Re(λk) �= Re(λl) (1 � k < l � N).

Proof. First, we write the functions f , g and h in the following form:

f =
∣∣∣∣∣∣
A�1�1,N −B�2�2,N −C�2�2,N

B∗�∗
2�

∗
2,N A∗�∗

1�
∗
1,N 0

C∗�∗
2�

∗
2,N 0 A∗�∗

1�
∗
1,N

∣∣∣∣∣∣ , (38)

g = 2

∣∣∣∣∣∣
A�1�1,N+1 −B�2�2,N−1 −C�2�2,N

B∗�∗
2�

∗
2,N+1 A∗�∗

1�
∗
1,N−1 0

C∗�∗
2�

∗
2,N+1 0 A∗�∗

1�
∗
1,N

∣∣∣∣∣∣ , (39)

h = 2

∣∣∣∣∣∣
A�1�1,N+1 −B�2�2,N −C�2�2,N−1

B∗�∗
2�

∗
2,N+1 A∗�∗

1�
∗
1,N 0

C∗�∗
2�

∗
2,N+1 0 A∗�∗

1�
∗
1,N−1

∣∣∣∣∣∣ , (40)

where A = diag(α1, . . . , αN), B = diag(β1, . . . , βN), C = diag(γ1, . . . , γN), �1 =
(eθ1 , . . . , eθN ),�2 = (e−θ1 , . . . , e−θN ), �1,M and �2,M (M = N − 1, N,N + 1) are expressed
as

�1,M =

⎛
⎜⎜⎜⎝

1 −iλ1 · · · (−iλ1)
M−1

1 −iλ2 · · · (−iλ2)
M−1

...
...

. . .
...

1 −iλN · · · (−iλN)M−1

⎞
⎟⎟⎟⎠ , �2,M =

⎛
⎜⎜⎜⎝

1 iλ1 · · · (iλ1)
M−1

1 iλ2 · · · (iλ2)
M−1

...
...

. . .
...

1 iλN · · · (iλN)M−1

⎞
⎟⎟⎟⎠ . (41)

Simultaneous multiplication of f , g and h by � = ∣∣diag
(
α−1

1 , . . . , α−1
N ;α∗−1

1 , . . . , α∗−1
N ;

α∗−1
1 , . . . , α∗−1

N

)∣∣ gives rise to

f ′ = �f =
∣∣∣∣∣∣

�1�1,N −B ′�2�2,N −C ′�2�2,N

B ′∗�∗
2�

∗
2,N �∗

1�
∗
1,N 0

C ′∗�∗
2�

∗
2,N 0 �∗

1�
∗
1,N

∣∣∣∣∣∣ , (42)

g′ = �g = 2

∣∣∣∣∣∣
�1�1,N+1 −B ′�2�2,N−1 −C ′�2�2,N

B ′∗�∗
2�

∗
2,N+1 �∗

1�
∗
1,N−1 0

C ′∗�∗
2�

∗
2,N+1 0 �∗

1�
∗
1,N

∣∣∣∣∣∣ , (43)

h′ = �h = 2

∣∣∣∣∣∣
�1�1,N+1 −B ′�2�2,N −C ′�2�2,N−1

B ′∗�∗
2�

∗
2,N+1 �∗

1�
∗
1,N 0

C ′∗�∗
2�

∗
2,N+1 0 �∗

1�
∗
1,N−1

∣∣∣∣∣∣ , (44)

10
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where B ′ = diag
(

β1

α1
, . . . ,

βN

αN

)
and C ′ = diag

(
γ1

α1
, . . . ,

γN

αN

)
. Note that u = g/f = g′/f ′ and

v = h/f = h′/f ′; then the characteristics of the bright N-soliton solutions is completely
determined by the parameter space

{(
βk

αk
,

γk

αk
, λk

)}N

k=1. �

Without loss of generality, we take αk = 1 (k = 1, . . . , N ) and define the set
SN = {(βk, γk, λk)}Nk=1 as the parameter space of the bright N-soliton solutions to the coupled
NLS equations (2a) and (2b). In the following, we first present two important lemmas which
will be used to analyze the asymptotic behavior of the generic bright N-soliton solutions to
equations (2a) and (2b).

Lemma 4.2. Assume that ξk = Re(θk) = (θk + θ∗
k )/2 = 1

2 μk(x − 2 νk t), where
μk = i(λ∗

k − λk), νk = −λk − λ∗
k and ν1 < ν2 < · · · < νN . If ξj ∼ 0 for some 1 � j � N ,

the limits of ξk (k = 1, . . . , N and k �= j ) as t → ∓∞ are given as follows:

(a) If μk > 0, ξk ∼ −∞ (k = 1, . . . , j − 1) and ξk ∼ +∞ (k = j + 1, . . . , N) as t → −∞;
ξk ∼ +∞ (k = 1, . . . , j − 1) and ξk ∼ −∞ (k = j + 1, . . . , N) as t → +∞.

(b) If μk < 0, ξk ∼ +∞ (k = 1, . . . , j − 1) and ξk ∼ −∞ (k = j + 1, . . . , N) as t → −∞;
ξk ∼ −∞ (k = 1, . . . , j − 1) and ξk ∼ +∞ (k = j + 1, . . . , N) as t → +∞.

Proof. The above results directly follow from the relation μjξk = μk ξj + μjμk(νj − νk) t .
�

Lemma 4.3. Let ϑI = ∑N
k=1

(
akθk + bkθ

∗
k

)
and ϑII = ∑N

k=1

(
ckθk + dkθ

∗
k

)
, respectively,

denote the linear phase combinations actually appearing in the expansions of the determinants
f and g (or h). Assume that (βk, γk) �= (0, 0), λk �= 0, λk �= λ∗

k and Re(λk) �= Re(λl), where
1 � k < l � N . Then, the coefficients ak, bk, ck and dk (1 � k � N) are subject to the
following properties:

(i) ak, ck ∈ {−1, 1} and bk, dk ∈ {0, 2}.
(ii) |{ak|ak = −1}| = |{bk|bk = 0}| and |{ak|ak = 1}| = |{bk|bk = 2}|.

(iii) |{dk|dk = 0}| − |{ck|ck = −1}| = 1 and |{ck|ck = 1}| − |{dk|dk = 2}| = 1.

Proof. Let AI and AII, respectively, represent the matrices associated with the determinants
f and g (or h), and let �J

I (AI) and �J
I (AII) be the minors of f and g (or h) with rows I and

columns J , where both I, J are the subsets of [3N ] and |I| = |J |. We define {Ik+1}Nk=0
and {Jk+1}Nk=0 as two sequences of subsets, where I1 = [N ], J1 = {j11, j12, . . . , j1N },
Ik+1 = {N + k, 2N + k} and Jk+1 = {jk+1,1, jk+1,2} for 1 � k � N , and the sequence of subsets
{Jk+1}Nk=0 form a disjoint partition of [3N ], that is

N⋃
k=0

Jk+1 = [3N ] and Jk+1 ∩ Jl+1 = ∅ (0 � k < l � N).

(i) Because (βk, γk) �= (0, 0), and eθk and e−θk (1 � k � N) only appear in the kth row of AI

and AII, the determinantal properties show that the coefficients ak and ck must be equal to
1 or −1. On the other hand, we note that eθ∗

k and e−θ∗
k are contained in the (N + k)th and

(2N + k)th rows of AI and AII. Therefore, the coefficients bk and dk must belong to {0, 2}.
(ii) For the phase combination ϑI associated with the disjoint partition {Jk+1}Nk=0 of [3N ]

such that �
Jk+1
Ik+1

(AI) �= 0 (0 � k � N), we assume that rI = |{ak|ak = −1}| and
sI = |{bk|bk = 0}|. According to part (i) of this lemma, it is easy to know that
|{ak|ak = 1}| = N − rI and |{bk|bk = 2}| = N − sI.

(a) If rI = 0, then J1 = [N ] and J1 ∩Jk+1 = ∅ (1 � k � N), which means that ak = 1
and bk = 2 for all 1 � k � N , that is to say, sI = rI = 0.

11
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(b) If 1 � rI � N , thenJ1∩[N+1, 3N ] = {
j1,l1 , . . . , j1,lrI

}
with 1 � l1 < · · · < lrI � N .

Note that �
Jk+1
Ik+1

(AI) = 0 if |Jk+1 ∩ [N ]| = 2 (1 � k � N). Accordingly, there
exist rI and only rI subsets {Jkn+1}rI

n=1 of [3N ] such that |Jkn+1 ∩ [N ]| = 1, where
1 � k1 < · · · < krI � N . Thus, bkn

= 0 for all 1 � n � rI, which implies that
sI = rI.

(iii) Any phase combination ϑII actually appearing in the determinant g (or h) must be
associated with a disjoint partition {Jk+1}Nk=0 of [3N ] with �

Jk+1
Ik+1

(AII) �= 0 (0 � k � N).
As for this phase combination, we take rII = |{ck|ck = −1}|, sII = |{dk|dk = 0}|,
|{ck|ck = 1}| = N − rII and |{dk|dk = 2}| = N − sII.

(a) If rII = 0, then J1 ⊂ [N + 1]. In this case, there is one and only one k∗ ∈ [N ] such
that |Jk∗ ∩ [N + 1]| = 1 and Jk ∩ [N + 1] = ∅ for k �= k∗. That is to say, ck = 1 for
all 1 � k � N , dk∗ = 0 and dk = 2 for k �= k∗. Therefore, we know that rII = 0 and
sII = 1.

(b) If 1 � rII < N , then J1 ∩ [N + 2, 3N ] = {
j1,l1 , . . . , j1,lrII

}
with 1 � l1 < . . . <

lrII � N . Since �
Jk+1
Ik+1

(AII) = 0 if |Jk+1 ∩ [N + 1]| = 2 (1 � k � N), then there are

rII + 1 and only rII + 1 subsets {Jkn+1}rII+1
n=1 of [3N ] such that |Jkn+1 ∩ [N + 1]| = 1

for 1 � n � rII + 1. Consequently, dkn
= 0 for 1 � n � rII + 1, which suggests that

sII = rII + 1.
(c) If rII = N , then J1 ∩ [N + 1] = ∅. According to the determinantal properties, there

must exist some k∗ ∈ [N ] such that |Jk∗ ∩[N +1]| = 2, which causes �
Jk∗+1
Ik∗+1

(AII) = 0.
In this case, the disjoint partition {Jk+1}Nk=0 of [3N ] does not correspond to any phase
combination that actually appears in the determinantal expansion of g (or h). �

For ease of analyzing the dominant behavior of the determinants f , g and h as t → ∓∞,
we follow [23] and define the asymptotically dominant phase combination as below.

Definition 4.4. The phase combinations ϑad
I = ∑N

k=1

(
aad

k θk + bad
k θ∗

k

)
and ϑad

II =∑N
k=1

(
cad
k θk +dad

k θ∗
k

)
are, respectively, said to be asymptotically dominant for the determinants

f and g (or h) if eϑI−ϑad
I ∼ 0 or eϑI−ϑad

I ∼ O(1) and eϑII−ϑad
II ∼ 0 or eϑII−ϑad

II ∼ O(1) as t → −∞
or t → +∞, where ϑI and ϑII denote any phase combinations appearing in the determinantal
expansions of f and g (or h), respectively.

Theorem 4.5. Let us define two sign matrices �− = (
σ−

kj

)
N×N

and �+ = (
σ +

kj

)
N×N

as
follows:

σ−
kj =

⎧⎪⎨
⎪⎩

−1, k ∈ S(I)
j ∪ S(II)

j ,

1, k ∈ S(III)
j ∪ S(IV)

j ,

0, k = j,

σ +
kj =

⎧⎪⎨
⎪⎩

1, k ∈ S(I)
j ∪ S(II)

j ,

−1, k ∈ S(III)
j ∪ S(IV)

j ,

0, k = j,

(46)

where S(I)
j = {m|μm > 0,m = 1, . . . , j − 1}, S(II)

j = {m|μm < 0,m = j + 1, . . . , N},
S(III)

j = {m|μm < 0,m = 1, . . . , j − 1}, S(IV)
j = {m|μm > 0,m = j + 1, . . . , N}. Assume

that (βk, γk) �= (0, 0), λk �= 0, λk �= λ∗
k (1 � k � N) and {νk}Nk=1 are well ordered as

ν1 < ν2 < · · · < νN . If ξj ∼ 0 for some j ∈ [N ], we have the following:

(i) ϑad
I is an asymptotically dominant phase combination of the determinant f as t → ∓∞

if and only if aad
k and bad

k (1 � k � N) satisfy either of the following two conditions:
(a) aad

j = 1, bad
j = 2, aad

k = σ∓
kj and bad

k = 1 + σ∓
kj for k �= j ; (b) aad

j = −1, bad
j = 0,

aad
k = σ∓

kj and bad
k = 1 + σ∓

kj for k �= j .

12



J. Phys. A: Math. Theor. 43 (2010) 245205 T Xu and B Tian

(ii) ϑad
II is an asymptotically dominant phase combination of the determinant g (or h) as

t → ∓∞ if and only if cad
k and dad

k (1 � k � N) satisfy the following conditions:
cad
j = 1, dad

j = 0, cad
k = σ∓

kj and dad
k = 1 + σ∓

kj for k �= j .

Proof. Assume that ϑI = ∑N
k=1(akθk + bkθ

∗
k ) and ϑII = ∑N

k=1(ckθk + dkθ
∗
k ) represent any

phase combinations satisfying the properties (i), (ii) and (iii) in lemma 4.3.

(i) Sufficiency: if ϑad
I = θj +2θ∗

j +
∑
k �=j

[
θ∗
k +σ∓

kj (θk +θ∗
k )

]
or ϑad

I = −θj +
∑
k �=j

[
θ∗
k +σ∓

kj (θk +θ∗
k )

]
,

the real part of the difference between ϑI and ϑad
1 is given by

Re
(
ϑI − ϑad

I

) =
N∑

k=1

γkξk, (47)

where γj = aj + bj − 3 or γj = aj + bj + 1, γk = ak + bk − 2σ∓
kj − 1 for k �= j .

Because ak ∈ {−1, 1} and bk ∈ {0, 2}, we know that as t → −∞, γk ∈ {0, 2, 4} for
k ∈ S(I)

j ∪S(II)
j and γk ∈ {−4,−2, 0} for k ∈ S(III)

j ∪S(IV)
j ; as t → +∞, γk ∈ {−4,−2, 0}

for k ∈ S(I)
j ∪ S(II)

j and γk ∈ {0, 2, 4} for k ∈ S(III)
j ∪ S(IV)

j . As suggested by lemma 4.2,

ξk ∼ ∓∞ for k ∈ S(I)
j ∪S(II)

j and ξk ∼ ±∞ for k ∈ S(III)
j ∪S(IV)

j as t → ∓∞. Therefore,

the asymptotic behavior of eϑI−ϑad
1 is dominated by e

∑
k �=j γkξk ∼ 0 if there exists some

k∗ ∈ [N ] \ {j} such that γk∗ �= 0, or dominated by eγj ξj ∼ O(1) if γk = 0 for any
k ∈ [N ] \ {j}.
Necessity: let ϑ ′

I = a′
j θj + b′

j θ
∗
j +

∑
k �=j

[
θ∗
k + σ∓

kj (θk + θ∗
k )

]
with a′

j = 1, b′
j = 2, or

a′
j = −1, b′

j = 0. Subtraction of ϑ ′
I from ϑad

I gives

Re
(
ϑ ′

I − ϑad
I

) =
N∑

k=1

γ ′
kξk, (48)

where γ ′
j = 3 − aad

j − bad
j or γ ′

j = 1 − aad
j − bad

j , γ ′
k = 2 σ∓

kj − aad
k − bad

k + 1 (k �= j)

satisfy that as t → −∞, γ ′
k ∈ {0,−2,−4} for k ∈ S(I)

j ∪ S(II)
j and γ ′

k ∈ {0, 2, 4} for

k ∈ S(III)
j ∪ S(IV)

j ; as t → +∞, γ ′
k ∈ {0, 2, 4} for k ∈ S(I)

j ∪ S(II)
j and γ ′

k ∈ {0,−2,−4}
for k ∈ S(III)

j ∪ S(IV)
j . Accordingly, ϑad

I is an asymptotically dominant phase combination
only if γ ′

k = 0 for k �= j , namely, aad
k + bad

k = 2σ∓
kj + 1 (k �= j). Because of the properties

(i) and (ii) in lemma 4.3, it can be determined that aad
k = σ∓

kj and bad
k = σ∓

kj + 1 for k �= j ;
aad

j = 1, bad
j = 2, or aad

j = −1, bad
j = 0.

(ii) The proof of part (ii) follows a similar way as that in part (i) of this theorem. Note that
cad
k and dad

k (1 � k � N) obey properties (i) and (iii) in lemma 4.3. That is why there is
only one asymptotically dominant phase combination in the determinant g (or h). �

Theorem 4.5 is the main result in this section because it gives an affirmative answer to the
question that how to determine the asymptotically dominant terms in the determinants f , g and
h as t → ∓∞. Based on this theorem, the procedure for deriving the asymptotic expressions
for the generic bright N-soliton solutions as t → ∓∞ can be described as follows:

(i) For any given set of spectral parameters {λk}Nk=1, obtain the sets S(I)
j , S(II)

j , S(III)
j and S(IV)

j

(1 � j � N ), and two sign matrices �− and �+.
(ii) As t → ∓∞, find the coefficients C∓

1j and C∓
2j (1 � j � N) that correspond to two

asymptotically dominant phase combinations ϑad
I = θj + 2 θ∗

j +
∑

k �=j

[
θ∗
k + σ∓

kj (θk + θ∗
k )

]
and ϑad

I = −θj +
∑

k �=j

[
θ∗
k + σ∓

kj (θk + θ∗
k )

]
in the determinantal expansion of f .

13
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(iii) As t → ∓∞, find the coefficients C∓
3j and C∓

4j that respectively correspond to the
asymptotically dominant phase combination ϑad

II = θj +
∑

k �=j

[
θ∗
k + σ∓

kj (θk + θ∗
k )

]
in the

determinantal expansions of g and h.
(iv) The j th asymptotic solitons as t → ∓∞ can be obtained as follows:

u∓
j = − C∓

3j eθj −θ∗
j

2
√

C∓
1jC

∓
2j

sech

⎛
⎝θj + θ∗

j + ln

√√√√C∓
1j

C∓
2j

⎞
⎠ , (49)

v∓
j = (−1)N−1

C∓
4j eθj −θ∗

j

2
√

C∓
1jC

∓
2j

sech

⎛
⎝θj + θ∗

j + ln

√√√√C∓
1j

C∓
2j

⎞
⎠ . (50)

Example: asymptotic expressions of the bright two-soliton solutions. According to the signs
of μ1 and μ2, the asymptotic analysis falls into four cases: (a) μ1 > 0, μ2 > 0; (b) μ1 > 0,
μ2 < 0; (c) μ1 < 0, μ2 > 0; (d) μ1 < 0, μ2 < 0. Here, we just take into account the first case
since the other three cases can be analyzed in a similar manner. In this case, we first obtain
the following results:

S
(I)
1 = S

(II)
1 = S

(III)
1 = ∅, S

(IV)
1 = {2},

S
(I)
2 = {1}, S

(II)
2 = S

(III)
2 = S

(IV)
2 = ∅,

�− =
(

0 −1
1 0

)
, �+ =

(
0 1

−1 0

)
.

Then, the expressions of two asymptotic solitons as t → ∓∞ are presented as follows:

(1) As t → −∞:

u−
1 =

iβ∗
1 (λ1 − λ∗

1)(λ2 − λ∗
1)(λ1 − λ2) eθ1−θ∗

1 sech
[
θ1 + θ∗

1 + ln
( |λ1−λ2|

|λ1−λ∗
2|
√

|β1|2+|γ1|2
)]

|λ1 − λ2||λ∗
1 − λ2|

√
|β1|2 + |γ1|2

,

(51)

v−
1 =

iγ ∗
1 (λ1 − λ∗

1)(λ2 − λ∗
1)(λ1 − λ2) eθ1−θ∗

1 sech
[
θ1 + θ∗

1 + ln
( |λ1−λ2|

|λ1−λ∗
2 |
√

|β1|2+|γ1|2
)]

|λ1 − λ2||λ∗
1 − λ2|

√
|β1|2 + |γ1|2

,

(52)

u−
2 =

iκ1(λ2 − λ∗
2)(λ2 − λ∗

1) eθ2−θ∗
2 sech

[
θ2 + θ∗

2 + ln
( |λ1−λ∗

2 |
√

|β1|2+|γ1|2
κ0

)]
κ0|λ1 − λ∗

2|
√

|β1|2 + |γ1|2
, (53)

v−
2 =

iκ2(λ2 − λ∗
2)(λ2 − λ∗

1) eθ2−θ∗
2 sech

[
θ2 + θ∗

2 + ln
( |λ1−λ∗

2|
√

|β1|2+|γ1|2
κ0

)]
κ0|λ1 − λ∗

2|
√

|β1|2 + |γ1|2
, (54)

with

κ0 =
√

(|β1|2 + |γ1|2)(|β2|2 + |γ2|2)|λ1 − λ∗
2|2 + |β1β

∗
2 + γ1γ

∗
2 |2(λ1 − λ∗

1)(λ2 − λ∗
2),

κ1 = γ1λ1(β
∗
2 γ ∗

1 − β∗
1 γ ∗

2 ) + β∗
1 λ∗

1(β1β
∗
2 + γ1γ

∗
2 ) − β∗

2 λ∗
2(|β1|2 + |γ1|2),

κ2 = γ ∗
1 λ∗

1(β1β
∗
2 + γ1γ

∗
2 ) − β1λ1(β

∗
2 γ ∗

1 − β∗
1 γ ∗

2 ) − γ ∗
2 λ∗

2(|β1|2 + |γ1|2).
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(2) As t → +∞:

u+
1 =

i κ3(λ1 − λ∗
1)(λ

∗
2 − λ1) eθ1−θ∗

1 sech
[
θ1 + θ∗

1 + ln
( |λ2−λ∗

1 |
√

|β2|2+|γ2|2
κ0

)]
κ0|λ2 − λ∗

1|
√

|β2|2 + |γ2|2
, (55)

v+
1 =

iκ4(λ1 − λ∗
1)(λ

∗
2 − λ1) eθ1−θ∗

1 sech
[
θ1 + θ∗

1 + ln
( |λ2−λ∗

1 |
√

|β2|2+|γ2|2
κ0

)]
κ0|λ2 − λ∗

1|
√

|β2|2 + |γ2|2
, (56)

u+
2 =

iβ∗
2 (λ∗

2 − λ1)(λ2 − λ∗
2)(λ1 − λ2) eθ2−θ∗

2 sech
[
θ2 + θ∗

2 + ln
( |λ1−λ2|

|λ1−λ∗
2 |
√

|β2|2+|γ2|2
)]

|λ1 − λ2||λ1 − λ∗
2|

√
|β2|2 + |γ2|2

,

(57)

v+
2 =

iγ ∗
2 (λ∗

2 − λ1)(λ2 − λ∗
2) (λ1 − λ2) eθ2−θ∗

2 sech
[
θ2 + θ∗

2 + ln
( |λ1−λ2|

|λ1−λ∗
2 |
√

|β2|2+|γ2|2
)]

|λ1 − λ2||λ1 − λ∗
2|

√
|β2|2 + |γ2|2

,

(58)

with

κ3 = γ2λ2(β
∗
2 γ ∗

1 − β∗
1 γ ∗

2 ) + β∗
1 λ∗

1(|β2|2 + |γ2|2) − β∗
2 λ∗

2(β2β
∗
1 + γ2γ

∗
1 ),

κ4 = γ ∗
1 λ∗

1(|β2|2 + |γ2|2) − β2λ2(β
∗
2 γ ∗

1 − β∗
1 γ ∗

2 ) − γ ∗
2 λ∗

2(β2β
∗
1 + γ2γ

∗
1 ).

5. Concluding remarks

Currently, intensive attention both in the theory and experiment has been paid to the coupled
NLS equations which have a variety of applications in optics such as the wavelength-division-
multiplexed optical soliton transmission [30], multi-channel bit parallel-wavelength optical
fiber networks [31] and all-optical switching, logic and computation [32, 33]. In this paper,
we have constructed the triple Wronskian solutions to the coupled NLS equations (2a) and
(2b) by iterating the DT-based algorithm. Some new determinantal properties of the triple
Wronskian have been derived in lemmas 3.2 and 3.3 to complete the proof. With a set of
N linearly independent solutions of the zero-potential Lax pair, we have found that the triple
Wronskian solutions give rise to the bright N-soliton solutions characterized by 3N complex
parameters. For any given set of spectral parameters {λk}Nk=1, we have derived an algorithmic
method in theorem 4.5 to identify the asymptotically dominant terms in the expansion of
the triple Wronskian. Furthermore, we have presented an algebraic procedure of obtaining
the asymptotic expressions for the bright N-soliton solutions with arbitrary N as t → ∓∞.
Finally, the expressions of asymptotic solitons of the bright two-soliton solutions have been
given as an illustrative example.

In future, we plan to continue our work along the following two directions.

(1) The coupled NLS solitons are known to admit the shape-change collision which has
attracted much interest due to its applications in the construction of the logic gates [32]
and the design of the turing-equivalent all-optical computing machines [33]. Accordingly,
it becomes practically important to clarify the asymptotic behavior of the coupled NLS
multi-soliton solutions. The procedure presented in section 4 enables us to obtain
the quantities such as the amplitudes, energies, velocities and widths to characterize
asymptotic solitons of the generic two-component bright N-soliton solutions.
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(2) We conjecture that the m-coupled NLS equations of the Manakov type admit the bright
N-soliton solutions in terms of the (m + 1)-component Wronskian. Nonetheless, it might
not be easy to finish the proof because some new identity relations of the (m + 1)-
component Wronskian require to be derived. If this conjecture is correct, we can also
obtain a procedure of deriving the asymptotic expressions for the generic bright N-soliton
solutions to the m-coupled NLS equations based on the (m + 1)-component Wronskian
structure.
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Appendix

The triple Wronskian notations of fx , gx , hx , ft , gt , ht , fxx , gxx , hxx :

fx = |N̂ − 2, N; N̂ − 1; N̂ − 1| + |N̂ − 1; N̂ − 2, N; N̂ − 1| + |N̂ − 1; N̂ − 1; N̂ − 2, N |,
(A.1)

gx = 2|N̂ − 1, N + 1; N̂ − 2; N̂ − 1| + |N̂; N̂ − 3, N − 1; N̂ − 1| + |N̂; N̂ − 2; N̂ − 2, N |,
(A.2)

hx = 2|N̂ − 1, N + 1; N̂ − 1; N̂ − 2| + |N̂; N̂ − 2, N; N̂ − 2| + |N̂; N̂ − 1; N̂ − 3, N − 1|,
(A.3)

ft = 2 i(|N̂ − 2, N + 1; N̂ − 1; N̂ − 1| − |N̂ − 3, N − 1, N; N̂ − 1; N̂ − 1|
+ |N̂ − 1; N̂ − 3, N − 1, N; N̂ − 1| − |N̂ − 1; N̂ − 2, N + 1; N̂ − 1|
+ |N̂ − 1; N̂ − 1; N̂ − 3, N − 1, N | − |N̂ − 1; N̂ − 1; N̂ − 2, N + 1|),

(A.4)

gt = 4 i(|N̂ − 1, N + 2; N̂ − 2; N̂ − 1| − |N̂ − 2, N,N + 1; N̂ − 2; N̂ − 1|
+ |N̂; N̂ − 4, N − 2, N − 1; N̂ − 1| − |N̂; N̂ − 3, N; N̂ − 1|
+ |N̂; N̂ − 2; N̂ − 3, N − 1, N | − |N̂; N̂ − 2; N̂ − 2, N + 1|), (A.5)

ht = 4 i(|N̂ − 1, N + 2; N̂ − 1; N̂ − 2| − |N̂ − 2, N,N + 1; N̂ − 1; N̂ − 2|
+ |N̂; N̂ − 1; N̂ − 4, N − 2, N − 1| − |N̂; N̂ − 1; N̂ − 3, N |
+ |N̂; N̂ − 3, N − 1, N; N̂ − 2| − |N̂; N̂ − 2, N + 1; N̂ − 2|), (A.6)

16



J. Phys. A: Math. Theor. 43 (2010) 245205 T Xu and B Tian

fxx = |N̂ − 3, N − 1, N; N̂ − 1; N̂ − 1| + |N̂ − 2, N + 1; N̂ − 1; N̂ − 1|
+ 2|N̂ − 2, N; N̂ − 2, N; N̂ − 1| + |N̂ − 1; N̂ − 3, N − 1, N; N̂ − 1|
+ |N̂ − 1; N̂ − 2, N + 1; N̂ − 1| + 2|N̂ − 1; N̂ − 2, N; N̂ − 2, N |
+ 2|N̂ − 2, N; N̂ − 1; N̂ − 2, N | + |N̂ − 1; N̂ − 1; N̂ − 3, N − 1, N |
+ |N̂ − 1; N̂ − 1; N̂ − 2, N + 1|, (A.7)

gxx = 2 (|N̂ − 2, N,N + 1; N̂ − 2; N̂ − 1| + |N̂ − 1, N + 2; N̂ − 2; N̂ − 1|
+ 2|N̂ − 1, N + 1; N̂ − 3, N − 1; N̂ − 1| + |N̂; N̂ − 2; N̂ − 2, N + 1|
+ 2|N̂ − 1, N + 1; N̂ − 2; N̂ − 2, N | + |N̂; N̂ − 3, N; N̂ − 1|
+ 2|N̂; N̂ − 3, N − 1; N̂ − 2, N | + |N̂; N̂ − 2; N̂ − 3, N − 1, N |
+ |N̂; N̂ − 4, N − 2, N − 1; N̂ − 1|), (A.8)

hxx = 2 (|N̂ − 2, N,N + 1; N̂ − 1; N̂ − 2| + |N̂ − 1, N + 2; N̂ − 1; N̂ − 2|
+ 2|N̂ − 1, N + 1; N̂ − 1; N̂ − 3, N − 1| + |N̂; N̂ − 2, N + 1; N̂ − 2|
+ 2|N̂ − 1, N + 1; N̂ − 2, N; N̂ − 2| + |N̂; N̂ − 1; N̂ − 3, N |
+ 2|N̂; N̂ − 2, N; N̂ − 3, N − 1| + |N̂; N̂ − 3, N − 1, N; N̂ − 2|
+ |N̂; N̂ − 1; N̂ − 4, N − 2, N − 1|). (A.9)
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